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❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ✭❱❇❆✱ ❬✶❪✮ t❤❛t ❛✐♠s ❛t ❛♣♣r♦①✐♠❛t✐♥❣ ❛ ❥♦✐♥t ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(x|y) ❜② ❛ s❡♣❛r❛❜❧❡ ❧❛✇
q(x) =
∏
i qi(xi) ✇❤✐❝❤ ✐s ❛s ❝❧♦s❡ t♦ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❛s ♣♦ss✐❜❧❡ ✐♥ t❡r♠s ♦❢ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡✳
■t ❝❛♥ ❜❡ ♥♦t❡❞ t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❑▲ ❞✐✈❡r❣❡♥❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐③✐♥❣ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞❡r✐✈❡❞
❢r♦♠ st❛t✐st✐❝❛❧ ♣❤②s✐❝s F(q) =
∫
q(x) ln (p(y,x)/q(x)) ❞x✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛❧t❡r♥❛t❡
♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ qi(xi) ❛♥❞ ✐s ❣✐✈❡♥ ❜②✿
qi(xi) ∝ exp
{〈
ln(p(x,y))
〉
∏
j 6=i qj(xj)
}
. ✭✶✮
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ qi r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ qj ✱ j 6= i✳ ❍♦✇❡✈❡r✱ r❡❝❡♥t❧②✱ ♦t❤❡r ✇❛②s t❤❛♥ t❤✐s ❝❧❛ss✐❝❛❧
❛❧t❡r♥❛t❡ ♦♣t✐♠✐③❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❬✺❪✳ ■♥ ❢❛❝t✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✐♥✈♦❧✈❡❞ ✐♥ ❱❇❆ ✐s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❝♦♥❝❛✈❡ ♣r♦❜❧❡♠✳ ❍❡♥❝❡✱ ❛♣♣r♦①✐♠❛t✐♥❣ ❞❡♥s✐t✐❡s qi(xi) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❛♣t✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✱
s✉❝❤ ❛s ❛ ❣r❛❞✐❡♥t ♠❡t❤♦❞✱ t♦ ❱❇❆✳ ❯s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ♦♣t✐♠❛❧ st❡♣✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♠❛r❣✐♥❛❧s ❤❛✈❡ ❛♥ ✐t❡r❛t✐✈❡
❢✉♥❝t✐♦♥❛❧ ❢♦r♠✳ ❆t ✐t❡r❛t✐♦♥ n✱ t❤❡② r❡❛❞✿
q˜
(n)
i (xi) ∝
(
q˜
(n−1)
i (xi)
)(1−α)
× exp
α〈 ln(p(x,y))〉∏
i 6=jq˜
(n−1)
j
(xj)
 ✭✷✮
✇❤❡r❡ α ≥ 0 ✐s ❛ ❞❡s❝❡♥t st❡♣ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳
✶
✷ ❇❛②❡s✐❛♥ ❝♦♠♣✉t❛t✐♦♥s
▲❡t ✉s r❡❝❛❧❧ ♥♦✇ ❛❧❧ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ ♣r✐♦rs ❛♥❞ ❧✐❦❡❧✐❤♦♦❞s ✉s❡❞ ✐♥ t❤❡ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦♥✲❧✐♥❡❛r
✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❬✸❪✳ ❚❤❡♥ ✇❡ ❣✐✈❡ t❤❡ ❢♦r♠ ♦❢ s❡♣❛r❛t✐♦♥ ❛♥❞ ❡①♣r❡ss✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ ❧❛✇s ❢♦r ❞✐✛❡r❡♥t
♣❛r❛♠❡t❡rs ✭✇❡ ❝❛♥ ❝❤❡❝❦ s❡✈❡r❛❧ r❡❢❡r❡♥❝❡s ❬✷✱ ✸✱ ✻❪ ❢♦r t❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✐ts ❢♦r♠✉❧❛t✐♦♥✮✳
❲❡ ❤❛✈❡✿
q(y|w, vǫ) = N (G
ow, vǫ■), q(w|χ, vξ) = N (mw,V w),
q(χ|z,m,v) = N (mχ,V χ), q(z) = exp
{
λ
∑
r
∑
r′
δ(z(r)− z(r′))
}
,
p(mk) = N (mk|µ0, τ0), p(vk) = IG(vk|η0, φ0),
p(vǫ) = IG(vǫ|ηǫ, φǫ), p(vξ) = IG(vξ|ηξ, φξ),
✭✸✮
❲❡ ❞❡♥♦t❡ ψ = {m,v, vǫ, vξ} t❤❡ s❡t ♦❢ t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ ✉♥❦♥♦✇♥s r❡❛❞s✿
p (χ,w, z,ψ|y) ∝ p (y|w, vǫ) p (w|χ, vξ) p (χ|z,m,v) p (z|λ) p (m|µ0, τ0)
× p (v|η0, φ0) p (vǫ|ηǫ, φǫ) p (vξ|ηξ, φξ)
∝
η
K(φ0−1)
0 η
(φǫ−1)
ǫ η
K(φξ−1)
ξ
A
exp
{
−
||y −Gow||22
2vǫ
}
× exp
{
−
||w −XEinc −XGcw||22
2vξ
}
× exp
{
−
(χ−mχ)
TV χ
−1(χ−mχ)
2
}
× exp
λ∑
i
∑
j
δ(z(i)− z(j))− T (λ)
 v−φǫ−1ǫ
× exp
{
−
ηǫ
vǫ
}
v
−φξ−1
ǫ exp
{
−
ηξ
vξ
} K∏
k=1
v−φ0−1k
× exp
{
−
η0
vk
}
exp
{
−
|mk − µ0|
2
2τ0
}
∝ exp {L}, ✭✹✮
✇❤❡r❡ A = (2pi)
M+N(NP+1)+K
2 (vǫ)
M
2 (vξ)
N×NP
2 |V χ|
(−1/2)(τ0)
(K/2)Γ(φ0)
KΓ(φǫ)Γ(φξ) ✇❤❡r❡ M ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s✱
N t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② sq✉❛r❡ ♣✐①❡❧s✱ NP t❤❡ ♥✉♠❜❡r ♦❢ ♣♦❧❛r✐③❛t✐♦♥ ✭NP = 1❉✱ 2❉ ♦r 3❉✮ ❛♥❞ L r❡❛❞s✿
L = −
(
M
2
)
log(vǫ)−
(
NNP
2
)
log(vξ)
−
1
2vǫ
||y −Gow||22 −
1
2vξ
||w −XEinc −XGcw||22
−
∑
kNk log (vk)
2
−
∑
k
∑
r
|χ(r)−mk(r)|
2
2vk
+ λ
∑
r
∑
r′
δ(z(r)− z(r′))−
∑
k |mk − µ0|
2
2τ0
−
∑
k
(η0
vk
+ (φ0 + 1) log(vk)
)
−
ηǫ
vǫ
− (φǫ + 1) log (vǫ)
−
ηξ
vξ
− (φξ + 1) log (vξ). ✭✺✮
✷
❲❡ ♠❛② ♥♦t❡ t❤❛t ❛♣♣❧②✐♥❣ t❤❡ ❥♦✐♥t ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭❏▼❆P✮ ♦r t❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ✭P▼✮ t♦ ❝♦♠♣✉t❡ t❤❡
❥♦✐♥t ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✭❡q✉❛t✐♦♥ ✭✹✮✮ ②✐❡❧❞s ✐♥tr❛❝t❛❜❧❡ ❢♦r♠ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ❛ ♣r❛❝t✐❝❛❧
s♦❧✉t✐♦♥✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ●❱❇❆✳ ❋✐rst✱ ❛ str♦♥❣ s❡♣❛r❛t✐♦♥ ✐s ❝❤♦s❡♥✿
q(x) = q(vǫ)q(vξ)×
∏
i
q(χi)q(wi)q(zi)
∏
k
q(mk)q(vk). ✭✻✮
❚❤❡♥✱ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♠❛r❣✐♥❛❧ ❢♦r ❡❛❝❤ ✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢
❢✉♥❝t✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❯♣❞❛t✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣♦st❡r✐♦r r❡q✉✐r❡s 7 ❞✐✛❡r❡♥t ❣r❛❞✐❡♥t st❡♣s t❤❛t ✇❡ ❞❡♥♦t❡ ❜② αw✱
αχ✱ αz✱ αvǫ ✱αvξ ✱ αvk ❛♥❞ αmk ✳
✷✳✶ ❯♣❞❛t❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs
❆t t❤✐s ♣♦✐♥t✱ ✐t ❝❛♥ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❛❦✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧② ❛♥❞ ✉s✐♥❣ ❝♦♥❥✉❣❛t❡ ♣r✐♦rs ✇✐❧❧
r❡s✉❧t ✐♥ ❥♦✐♥t ♣♦st❡r✐♦rs ❛♥❞ ♠❛r❣✐♥❛❧s r❛♥❣✐♥❣ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧②✳ ❖♣t✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ qi(xi) t❤❡♥
r❡s✉❧ts ✐♥ ♦♣t✐♠✐③✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡s❡ ❧❛✇s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ s✉♠♠❛r✐③❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ●❛✉ss✐❛♥ ✲ ✐♥✈❡rs❡
❣❛♠♠❛ ❝❛s❡✿
q(w) = N (m˜w, V˜ w), q(χ) = N (m˜χ, V˜ χ),
q(mk) = N (µ˜k, τ˜k), q(vk) = IG(η˜k, φ˜k),
q(vǫ) = IG(η˜ǫ, φ˜ǫ), q(vξ) = IG(η˜ξ, φ˜ξ),
q(z) = ζ˜k ∝ exp
λ∑
r∈D
∑
r′∈V (r)
ζ˜(r′)
, ✭✼✮
✇❤❡r❡ t✐❧❞❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ❦❡② ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡s❡ ❢♦r♠s ✐s ❡q✉❛t✐♦♥ ✭✷✮✳
✷✳✶✳✶ ❈♦♥tr❛st s♦✉r❝❡ w
log (q˜n(w(i))) ∝ (1− αw) log (q˜(w(i))) + αw 〈log (p (χ,w, z,ψ,y))〉q˜(/w(i))
∝ (1− αw)
[
v˜w(i)w(i)
2 − 2m˜w(i)w(i)
]
+ αw 〈log (p(y|w, vǫ)) + log (p(w|χ, vξ))〉q˜(/w(i))
∝ (1− αw)
[
v˜w(i)w(i)
2 − 2m˜w(i)w(i)
]
−
αw
2
〈
||y −Gow||22
vǫ
+
||w −XEinc −XGcw||22
vξ
〉
q˜(/w(i))
✭✽✮
✇❤❡r❡ q(/w(i)) =
∏
j 6=i q(w(j))q(χ)q(z)q(ψ)✳ ❖r
〈
||y −Gow||22
〉
q˜(/w(i)) ∝
∑
l
|Go(l, i)|2|w(i)|2
+ 2 ℜe
∑
k
Go∗(k, i)
y(k)−∑
j 6=i
Go(k, j)m˜w(j)
w∗(i)
 ,
❛♥❞
✸
〈
||w −XEinc −XGcw||22
〉
q˜(/w(i)) ∝ |w(i)|
2 −Gc∗(i, i) χ¯∗(i) |w(i)|2 −Gc(i, i) χ¯(i) |w(i)|2
+
∑
j
|Gc(j, i)| |χ(i)|2 |w(i)|2 − 2 ℜe
(
Einc(i)χ¯(i)w∗(i)
)
+ 2 ℜe
∑
j
|Gc∗(j, i)| |χ(j)|2 |w∗(j)|2

− 2 ℜe
∑
j 6=i
χ¯(i) Gc(i, j) w¯(j) w∗(i)

− 2 ℜe
∑
j 6=i
χ¯∗(j) Gc∗(j, i) w¯(j) w∗(i)

+ 2 ℜe
∑
j
Gc∗(j, i) |χ(j)|2
∑
k 6=i
Gc(j,k) w¯(k) w∗(i)

+ cte.
✇❤❡r❡ ∗ ❞❡♥♦t❡s t❤❡ ❝♦♥❥✉❣❛t❡ ❝♦♠♣❧❡①✳
❍❡♥❝❡✱ ❜② ❝♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡ t❡r♠s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❧❛✇✱ ❛t t❤❡ ✐t❡r❛t✐♦♥ n✱ ❜❡❝♦♠❡s qn(w) = N (m˜
n
w, V˜
n
w)
✇❤❡r❡✿
V˜ nw (i) =
[
(1− αw)V˜w(i) + αw
(
v−1ǫ
∑
j
|Go(j, i)|2
+ v−1ξ
[
1− 2 ℜe
(
Gc(i, i)m˜χ(i)
)
+
∑
j
|Gc(j, i)|2
(
|m˜χ(i)|
2 + V˜χ(i)
)])]−1
,
m˜nw(i)
V˜ nw (i)
= (1− αw) m˜w(i) + αw
[
v−1ǫ
∑
k
Go∗(k, i)
y(k)−∑
j 6=i
Go(k, j)m˜w(j)

+ v−1ξ
(
Einc(i)m˜χ(i)−
∑
j
Gc∗(j, i)
(
|m˜χ(j)|
2 + V˜χ(j)
)
Einc(j)
+
∑
j 6=i
m˜χ(i)G
c(i, j)m˜w(j) +
∑
j 6=i
m˜∗χ(i)G
c∗(j, i)m˜w(j)
−
∑
j
Gc∗(j, i)
(
|m˜χ(i)|
2 + V˜χ(i)
) ∑
k 6=j
Gc(j,k)w(k)
)]
,
❇② ❛❞❞✐♥❣ t❤❡ ♠✐ss✐♥❣ m˜w t♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ ♣✉tt✐♥❣ ✐t ✐♥ ❛ ✈❡❝t♦r✐❛❧ ❢♦r♠✱ ✇❡
♦❜t❛✐♥ t❤❡ ✜♥❛❧ ❢♦r♠✿
V˜
n
w =
[
(1− αw) V˜
−1
w + αw ❉✐❛❣
(
v−1ǫ Γ
o + v−1ξ Γ
xc
)]−1
m˜
n
w = m˜w + αw V˜
n
w
[[
v−1ǫ G
oH (y −Gom˜w)
+ v−1ξ
(
m˜χE
inc −Gc
H
(
m˜
2
χ + V˜ χ
)
Einc
− m˜w + m˜χG
cm˜w +G
cHm˜
∗
χm˜w −G
cH
(
m˜
2
χ + V˜ χ
)
Gcm˜w
)]]
✭✾✮
✇❤❡r❡ ♦✈❡r❧✐♥❡ ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ q ✭✐✳❡✳ u = ❊(u)q✮✱ s✉♣❡rs❝r✐♣t
H ✐♥❞✐❝❛t❡s t❤❡
❝♦♥❥✉❣❛t❡ tr❛♥s♣♦s❡ ❛♥❞ Γo ❛♥❞ Γxc ❛r❡ ❣✐✈❡♥ ❛s✿
✹
Γo(i) =
∑
j
|Go(j, i)|2,
Γxc(i) = 1 − 2ℜe(Gc(i, i)m˜χ(i))
+ (m˜2χ(i) + V˜χ(i))
∑
j
|Gc(j, i)|2
✷✳✶✳✷ ❈♦♥tr❛st χ
log (q˜n(χ(i))) ∝ (1− α) log (q˜(χ(i))) + αχ 〈log (p (χ,w, z,ψ,y))〉q˜(/χ(i))
∝ (1− αχ)
[
v˜χ(i)χ(i)
2 − 2m˜χ(i)χ(i)
]
+ αχ 〈log (p(w|χ, vǫ)) + log (p(χ|z,v,m))〉q˜(/χ(i))
∝ (1− αχ)
[
v˜χ(i)χ(i)
2 − 2m˜χ(i)χ(i)
]
+ αχ
〈
||w −XE||22
vξ
+ (χ−mχ)
T
V −1χ (χ−mχ)
〉
q˜(/χ(i))
, ✭✶✵✮
✇❤❡r❡ q(/χ(i)) =
∏
j 6=i q(χ(j))q(w)q(z)q(ψ)✱ ♦r
〈
||w −XE||22
〉
q˜(/χ(i)) ∝ −2ℜe
(
w∗(i)E(i)χ(i)
)
+ E2(i)|χ(i)|2
+
〈
||w||22 − 2ℜe
∑
j 6=i
w∗(j)E(j)χ(j)
+∑
j 6=i
|E(j)χ(j)|2
〉
q˜(/χ(i))
,
❛♥❞
〈
(χ−mχ)
T
V −1χ (χ−mχ)
〉
q˜(/χ(i))
∝
∑
j
〈
||χ(j)−mk||
2
2
vk
〉
q˜(/χ(i))
∝ v−1k
(
|χ(i)|2 − 2ℜe (m˜kχ
∗(i))
)
,
❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ✜♥❞
V˜ nχ (i) ∝
[
(1− αχ) V˜χ(i)
−1 + αχ
(
v−1ξ E
2(i) + v˜−1χ (i)
)]−1
,
❛♥❞
m˜nχ(i)
V˜ nχ (i)
∝ (1− αχ) m˜χ(i) + αχ
[
m˜χ(i)
V˜χ(i)
+ v−1ξ w(i)E
∗(i)
]
,
✇❤❡r❡ wE∗ ✐s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ✈❡❝t♦r wE∗ s✉❝❤ t❤❛t✿
wE∗(i) =
∑
NfNvN
Einc∗(i)m˜w(i) + m˜w(i)
∑
jb
Gc∗(i, i′)m˜∗w(i
′)
+ Gc∗(i, i)V˜w(i),
❛♥❞ E2 ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡ ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ✇r✐tt❡♥ s✉❝❤ t❤❛t✿
E2(i) =
∑
NfNvNP
|Einc(i)|2 + 2ℜe
(
Einc∗(i)Gcm˜w(i)
)
+ |
∑
i′
Gc(i, i′)m˜w(i)|
2 +
∑
i′
|Gc(i, i′)|2V˜w(i),
✺
❚❤❡♥ t❤❡ ✈❡❝t♦r✐❛❧ ❢♦r♠ ✐s ❣✐✈❡♥ ❜②✿ V˜
n
χ =
[
(1− αχ) V˜
−1
χ + αχ
(
❉✐❛❣
(
v−1ξ E
2 + V −1χ
))]−1
m˜
n
χ = αχ V˜
n
χ
[(∑
k v
−1
k ζ˜k ◦ m˜k + v
−1
ξ w ◦E
∗
)] ✭✶✶✮
✇❤❡r❡ V −1χ (i, i) =
∑
k ζ˜k(i)v
−1
k .
✷✳✶✳✸ ❚❤❡ ❤✐❞❞❡♥ ✜❡❧❞ z
log (q˜n(z(i))) ∝ (1− αz) log (q˜(z(i))) + α 〈log (p (χ,w, z,ψ,y))〉q˜(/z(i))
∝ (1− αz) log (q˜(z(i))) + αz
〈
−
1
2
log(vk) +
||χ(i)−mχ(i)||
2
2
2vk
− λ
∑
l∈V(i)
δ (z(l)− k)
〉
q˜(/z(i))
∝ (1− α) log
(
ζ˜k(i)
)
−
αz
2
[
log(vk) + v
−1
k 〈|χ(i)−mχ(i)|〉q˜(/z(i))
− 2λ
∑
j∈V(i)
ζ˜k(j)
]
∝ (1− αz) log
(
ζ˜k(i)
)
−
αz
2
[
Ψ(η˜k)− log φ˜k + v
−1
k
[
|m˜χ(i)|
2
+ m˜†k − 2ℜe
(
m˜†χm˜
∗
χ(i)
) ]
+ λ
∑
j∈V(i)
ζ˜k(j)
]
,
✇❤❡r❡ q(/z(i)) =
∏
j 6=i q(z(j))q(χ)q(w)q(ψ) ❛♥❞ m˜
†2
χ = m˜
2
k + τ˜k✳
❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✐t ❜❡❝♦♠❡s✿
ζ˜nk = ζ˜
(1−αz)
k exp
{
−
αz
2
(
Ψ(η˜k) + log(φ˜k) + v
−1
k
(
(m˜χ(i)− µ˜k)
2 + τ˜k
+ V˜χ(r)
)
− λ
∑
i′∈V(r)
ζ˜k(i
′)
)}
, ✭✶✷✮
✇❤❡r❡ Ψ(x) = ∂∂x log Γ(x) t❤❡ ❞✐❣❛♠♠❛ ❢✉♥❝t✐♦♥ ✇✐t❤ Γ(x) ✐s t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✳
✷✳✶✳✹ ❚❤❡ ♦❜s❡r✈❛t✐♦♥ ✈❛r✐❛♥❝❡ vǫ
log (q˜n(vǫ)) ∝ (1− αvǫ) log (q˜(vǫ)) + αvǫ 〈log (p (χ,w, z,ψ,y))〉q˜(/vǫ)
∝ (1− αvǫ)
(
−
vǫ
η˜ǫ
+ (φ˜ǫ log(vǫ))
)
+ αvǫ 〈p(y|w, vǫ)p(vǫ|ηǫ, φǫ)〉q˜(/vǫ) , ✭✶✸✮
✇❤❡r❡ q(/vǫ)) = q(χ)q(w))q(z)
∏
l 6=vǫ
q(ψl)✱ ✇✐t❤✿
〈p(y|w, vǫ)p(vǫ|ηǫ, φǫ)〉q˜(/vǫ) ∝
〈
−
M
2
log(vǫ)−
||y −Gow||22
2vǫ
−
ηǫ
vǫ
− (φǫ − 1) log(vǫ)
〉
q˜(/vǫ)
∝ −(1 + φǫ +
M
2
) log(vǫ)− v
−1
ǫ
〈
ηǫ +
||y −Gow||22
2
〉
q˜(/vǫ)
,
✇❤❡r❡
✻
〈
||y −Gow||22
〉
q˜(/vǫ)
∝
∑
i
(
|y(i)|2 +
∑
j
∑
k
Go(i,k)m˜w(j)m˜
∗
w(k) +
∑
j
|Go(i, j)|v˜w(j)
− 2ℜe
(
y∗
∑
j
Go(i, j)m˜∗w(j)
))
,
❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿
φ˜nǫ = (1− αvǫ) φ˜ǫ + αvǫ
(
φǫ +
M
2
)
η˜nǫ =
1−αvǫ
η˜ǫ
+ αvǫ
(
ηǫ +
1
2
(
||y||22 + ||G
om˜w||
2
2 − 2ℜe(y
HGom˜w) + ||G
o2v˜w||1
)) ✭✶✹✮
✷✳✶✳✺ ❈♦✉♣❧✐♥❣ ♥♦✐s❡ vξ
log (q˜n(vξ)) ∝
(
1− αvξ
)
log (q˜(vξ)) + αξ 〈log (p (χ,w, z,ψ,y))〉q˜(/vξ)
∝
(
1− αvξ
)(
−
vξ
η˜ξ
+ (φ˜ξ − log(vξ))
)
+ αvξ 〈p(w|χ, vξ)p(vξ|ηξ, φξ)〉q˜(/vξ) , ✭✶✺✮
✇❤❡r❡ q(/vξ)) = q(χ)q(w))q(z)
∏
l 6=vξ
q(ψl) ✇✐t❤
〈p(w|χ, vξ)p(vξ|ηξ, φξ)〉q˜(/vξ) ∝
〈
log v
−
NPN
2
ξ −
||w −XE||22
2vξ
−
ηξ
vξ
− (φξ + 1) log(vξ)
〉
q˜(/vξ)
∝
(
ηξ +
NPN
2
)
log (vξ)− v
−1
ξ
〈
ηξ +
||w −XE||22
2
〉
q˜(/vξ)
,
❛♥❞
〈
||w −XE||22
〉
q˜(/vξ)
=
∑
i
(
|m˜w(i)|
2 + v˜w(i) +
(
|m˜χ(i)|
2 + v˜w(i)
)
E2(i)
− 2ℜe
(
m˜χ(i)w∗(i)E(i)
))
,
❇② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❡ ✜♥❞✿

φ˜nξ =
(
1− αvξ
)
φ˜ξ + αvξ
(
φξ +
NPN
2
) (
αvξ dχ +
(
1− αvξ
)
m˜χ
)
η˜nξ =
1−αvξ
η˜ξ
+ αvξ
(
ηξ +
1
2
(
||m˜w||
2
2 + ||V˜ w||
2
2 + ||
(
m˜
2
χ + V˜ χ
)
E2||1
− 2ℜe
(
m˜
H
χ w ◦E
∗
))) ✭✶✻✮
✇❤❡r❡ dχ =
∑
k v
−1
k ζ˜k ◦ m˜
†
χ + v
−1
ξ w ◦E
∗✳
✷✳✶✳✻ ❱❛r✐❛♥❝❡ ♦❢ t❤❡ ❝❧❛ss❡s vk
∀κ ∈ {1, ...,K} ✇❡ ❤❛✈❡✿
✼
log (q˜n(vk)) ∝ (1− α) log (q˜(vk)) + αvk 〈log (p (χ,w, z,ψ,y))〉q˜(/vk)
∝ (1− αvk)
(
−
vk
η˜k
+ (φ˜k − 1) log(vk)
)
+ αvk
〈
−
1
2
∑
i
δ(z(i) = κ)
×
(
log(vk) +
|χ(i)−mk|
2
vk
)
+
η0
vk
+ (φ0 + 1) log(vk)
〉
q˜(/vk)
∝ (1− αvk)
[
−
vk
η˜k
+ (φ˜k − log(vk))
]
+ αvk
[
−
(
φ0 + 1 +
∑
iζ˜k(i)
2
)
− v−1k
〈
η0 +
|χ(i)−mk|
2
2
〉
q˜(/vk)
]
, ✭✶✼✮
q(/vk)) = q(χ)q(w))q(z)
∏
l 6=vk
q(ψl)✳
❇② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❡ ✜♥❞✿
φ˜nk = (1− αvk) φ˜k + αvk
(
φ0 +
∑
iζ˜k(i)
2
)
η˜nk =
1−αvk
η˜k
+ αvk
(
η0 +
1
2
∑
i ζ˜k(i)
(
|m˜χ(i)|
2 + V˜χ(i) +m
2
k + τ˜
2
k
)) ✭✶✽✮
✷✳✶✳✼ ▼❡❛♥s ♦❢ ❝❧❛ss❡s mk
log (q˜n(mk)) ∝ (1− αmk) log (q˜(mk)) + αmk 〈log (p (χ,w, z,ψ,y))〉q˜(/mk)
∝ (1− αmk)
[
τ˜km
2
k − 2µ˜kmk
]
+ αmk
(
−
〈
1
2
∑
i
δ (z(i) = κ)
×
(
|χ(i)−mχ(i)|
2
vk
)
+
|mk − µ0|
τ0
〉
q˜(/mk)
)
, ✭✶✾✮
✇✐t❤ q(/mk)) = q(χ)q(w))q(z)
∏
l 6=mk
q(ψl)
❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿
τ˜nk =
[
(1− αmk) τ˜k + αmk
(
τ−10 + v
−1
k
∑
i ζ˜k(i)
)]−1
µ˜nk = τ˜
n
k
[
(1− αmk) µ˜k + αmk
(
τ˜k
(
µ0
τ0
+ v−1k
∑
i ζ˜k(i)m˜χ(i)
))] ✭✷✵✮
✸ ❚❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣②
❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐♦♥ ♣r♦❝❡ss ❛❧❧♦✇s t♦ ❤❛✈❡ ❛♥ ✐♥❞✐❝❛t♦r ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥❞❡❡❞✱ ✐ts ✈❛❧✉❡ ❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛❧❧♦✇s ❢♦r ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ✉s❡❢✉❧
❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧❛tt❡r✳ ■♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝❛s❡✱ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ✐s ❣✐✈❡♥ ❜②✿
F(q) = 〈p(y,χ,w, z,ψ|M)〉q +H(q(χ,w, z,ψ)) ✭✷✶✮
✇❤❡r❡ H ✐s t❤❡ ❡♥tr♦♣② ♦❢ q ❛♥❞ ✐s ❣✐✈❡♥ ❜②✿
✽
H(q(χ,w, z,ψ)) =
∑
Nv
∑
Nf
∑
NP
∑
i
∑
k
log
(√
2piev˜w(i)
)
+
∑
i
∑
k
log
(√
2piev˜χ(i)
)
+
∑
i
∑
k
ζ˜κ(i)
(
λ
∑
j∈V(i)
ζ˜k(j)− log
(∑
k
exp
λ ∑
j∈V(i)
ζ˜k(j)
)
)
+
∑
κ
log
(√
2pieτ˜κ
)
+
∑
k
(
η˜k + log
(
φ˜kΓ(η˜k)
)
− (1 + η˜k)Ψ(η˜k)
)
+ η˜ǫ + log
(
φ˜ǫΓ(η˜ǫ)
)
− (1 + η˜ǫ)Ψ(η˜ǫ) + η˜ξ + log
(
φ˜ξΓ(η˜ξ)
)
− (1 + η˜ξ)Ψ(η˜ξ), ✭✷✷✮
❍❡♥❝❡✿
〈p(y,χ,w, z,ψ)〉q = −
M +N(1 +NP ) +K
2
log(2pi) + (φǫ − 1) log (ηǫ)− Γ(φǫ)
−
M + 2φǫ + 2
2
(
Ψ(η˜ǫ)− log(φ˜ǫ)
)
− ηǫv
−1
ǫ + (φξ − 1) log (ηξ)− Γ(φξ)
−
NNvNPNf + 2φξ + 2
2
(
Ψ(η˜ξ)− log(φ˜ξ)
)
− ηξv
−1
ξ + log(η
K(φ0−1)
0 )
−
∑
k
(
2φ0 + 1 +
∑
i ζ˜k(i)
)(
Ψ(η˜k)− log(φ˜k)
)
− 2η0v
−1
k
2
−K Γ(φ0)
−
∑
k
m˜2k + τ˜k + µ
2
0 − 2m˜kµ0
2τ0
+ λ
∑
i
∑
k
ζ˜k(i)
∑
j∈V(i)
ζ˜k(j)−
v−1ǫ
2
×
(
||y||22 + ||G
om˜w||
2
2 − 2y
tGom˜w + ||V˜ wΓ
o||1
)
−
v−1ξ
2
(
||m˜w||
2
2 + ||V˜ w||1 +
∣∣∣∣∣∣(m˜χ + V˜ χ)E2∣∣∣∣∣∣
1
− 2m˜
H
χ w ◦E
∗
)
−
∑
i
∑
k
v−1k ζ˜k(i)
(
|m˜χ(i)|
2
2 + v˜χ(i) + m˜
†2
χ (i)− 2m˜χ(i)m˜
†
χ(i)
)
2
, ✭✷✸✮
❲❡ ♠❛② ♥♦t❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞❡♣❡♥❞s ♠❛✐♥❧② ✐♥ t❡r♠s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ✈❛❧✉❡s
♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ✐ts ❡✈❛❧✉❛t✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛ ❝♦st ♦❢ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥✳
✹ ❖♣t✐♠❛❧ st❡♣ ✈❛❧✉❡s ❝♦♠♣✉t❛t✐♦♥
❇② ❡①❛♠✐♥✐♥❣ ❡q✉❛t✐♦♥s ✭✾✮✱ ✭✶✶✮✱ ✭✶✷✮✱ ✭✶✹✮✱ ✭✶✻✮✱ ✭✶✽✮✱ ✭✷✵✮✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ♥♦ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts
♦❢ t❤❡ s❛♠❡ ❣r♦✉♣ ❢♦r χ✱ z✱ vǫ✱ vξ✱ vk ❛♥❞ mk✱ ✇❤❡r❡❛s t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛st s♦✉r❝❡ m˜
n
w ❛t t❤❡
✐t❡r❛t✐♦♥ n ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡❛♥ ✈❛❧✉❡ m˜w✳ ❚❤❡♥ t❤❡ ❣r❛❞✐❡♥t st❡♣s αρ✱ ρ = χ, z, vǫ, vξ, mk, vk ❝❛♥ ❜❡ s❡t t♦ ✶ ✐♥
♦r❞❡r t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♦♥❧② t❤❡ ❝♦♥tr❛st s♦✉r❝❡ ✉♣❞❛t✐♥❣ st❡♣ αw ✐s ❝♦♠♣✉t❡❞✳ ❚❤✐s st❡♣ ✐s ❝♦♠♣✉t❡❞
✐♥ ❛♥ ♦♣t✐♠❛❧ ✇❛② ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ❛ ❢❛st ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡r t♦✇❛r❞s t❤❡✐r ✜♥❛❧ ✈❛❧✉❡s✳ ❚❤✐s ✐s
❞♦♥❡ ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ ❢r❡❡✲❡♥❡r❣② ❢✉♥❝t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❛ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ❚❤❡ ♦♣t✐♠❛❧ st❡♣ t❤❡♥ r❡❛❞s✿
αoptw = ∆F(αw)/∆
2F(αw)
∣∣∣∣∣
αw=0
, ✭✷✹✮
✇✐t❤ ∆F = ∂F/∂αw ❡t ∆
2F = ∂2F/∂2αw
❇❡❢♦r❡ ❛♣♣❧②✐♥❣ t❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞✱ ✇❡ r❡✇r✐t❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r w ✇✐t❤ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ♥♦t❛t✐♦♥s✿
✾

V˜
n
w =
[
(1− αw) V˜
−1
w + α Rw
]−1
m˜
n
w = m˜w + αw V˜
n
w dw
✭✷✺✮
✇❤❡r❡ Rw = ❉✐❛❣
(
v−1ǫ Γo + v
−1
ξ Γ
xc
)
❛♥❞ dw =
[
v−1ǫ G
oH (y −Gom˜w) + v
−1
ξ
(
m˜χE
inc −Gc
H
(
m˜
2
χ + V˜ χ
)
Einc
− m˜w + m˜χG
cm˜w +G
cHm˜
∗
χm˜w −G
cH
(
m˜
2
χ + V˜ χ
)
Gcm˜w
)]
✳
❚❤❡♥✱ ✇❡ r❡✇r✐t❡ t❤❡ ♥❡❣❛t✐✈❡ ❢r❡❡ ❡♥❡r❣② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ αw ✐♥ ♦r❞❡r t♦ ✉s❡ ✐t t♦ ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡✳ ■t
r❡❛❞s✿
F(αw) =−
v−1ǫ
2
(
||y||22 + ||G
om˜w||
2
2 − 2y
tGom˜w + ||V˜ wΓ
o||1
)
−
v−1ξ
2
(
||m˜w||
2
2 + ||V˜ w||1
+
∣∣∣∣∣∣(m˜χ + V˜ χ)E2∣∣∣∣∣∣
1
− 2m˜
H
χ w ◦E
∗
)
+
∑
i
log
(√
2piev˜w(i)
)
,
✭✷✻✮
❚❤❡♥✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s t❤❛t ②✐❡❧❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿
∂F(αw)
∂αw
= m˜
′
w d
t
w +
∑
i
v˜′w(i)
2 v˜w(i)
− v˜′w(i)rw(i), ✭✷✼✮
∂2F(αw)
∂2αw
= m˜
′′
w d
t
w + m˜
′
w d
t′
w +
∑
i
v˜′′w(i)v˜w(i)− (v˜
′
w(i))
2
2 (v˜w(i))
2 − v˜
′′
w(i)rw(i). ✭✷✽✮
✇❤❡r❡ vw(i) ❛♥❞ rw(i) st❛♥❞ r❡s♣❡❝t✐✈❡❧② ❢♦r ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts i ♦❢ ♠❛tr✐① V w ❛♥❞ Rw✱ ❛♥❞
V˜
′n
w =
(
V˜
n
w
)2 (
V˜
−1
w −Rw
)
V˜
′′n
w =
(
V˜
n
w
)3 (
V˜
−1
w −Rw
)2
m˜
′n
w = V˜
n
w dw + α V˜
′n
w dw
m˜
′′n
w = 2 V˜
′n
w dw + α V˜
′′n
w dw
✭✷✾✮
t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ✐♥ t❤✐s ❝❛s❡ ❜❡❝♦♠❡s
αoptw =
dtwm˜
′
w0 +
1
2
∑
i s
2
wi
m˜
′′
w0 d
t
w + m˜
′
w0 d
t′
w +
1
2
∑
i s
3
wi
✭✸✵✮
✇❤❡r❡ 
∂m˜w
∂αw
∣∣∣∣∣
αw=0
= m˜
′
w0 = V˜ w0dw
∂2m˜w
∂2αw
∣∣∣∣∣
αw=0
= m˜
′′
w0 = 2 V˜
′
w0dw
∂V˜ w
∂αw
∣∣∣∣∣
αw=0
= V˜
′
w0 = −V˜ w0Sw
✭✸✶✮
❛♥❞
dt
′
w = m˜
′t
w
(
v−1ǫ G
oGH − v−1ξ
(
1− m˜χG
c −Gc
H
m˜
∗
χ −G
cH (m˜χ + V˜ χ)G
c
))t
,
swi = rwi v˜w0i − 1. ✭✸✷✮
✶✵
❘❡❢❡r❡♥❝❡s
❬✶❪ ❱✳ ❙♠í❞❧ ❛♥❞ ❆✳ ◗✉✐♥♥✱ ❚❤❡ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ▼❡t❤♦❞ ✐♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✷✵✵✻✳
❬✷❪ ❍✳ ❆②❛ss♦✱ ❇✳ ❉✉❝❤ê♥❡✱ ❛♥❞ ❆✳ ▼♦❤❛♠♠❛❞✲❉❥❛❢❛r✐✱ ✏❖♣t✐❝❛❧ ❞✐✛r❛❝t✐♦♥ t♦♠♦❣r❛♣❤② ✇✐t❤✐♥ ❛ ✈❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥
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